ABSTRACT. We analyze and completely describe the four cases when the Hitchin fibration on a 2-dimensional moduli space of irregular Higgs bundles over CP 1 has a single singular fiber. The case when the fiber at infinity is of type I * 0 is further analyzed, and we give constructions of all the possible configurations of singular curves in elliptic fibrations having this type of singular fiber at infinity.
INTRODUCTION
Let D be an effective divisor in CP 1 of total length 4. Consider the (complex) 2-dimensional moduli spaces M ⃗ α−s (CP 1 , D, 2, d) of rank 2 degree d parabolically stable Higgs bundles over CP 1 with irregular singularities of prescribed local form at D and of 0 parabolic degree. When equipped with the Hitchin fibration, this space has been shown to be biregular to the complement of a singular fiber in an elliptic fibration on a rational elliptic surface (which complex surface is diffeomorphic to the 9-fold blow-up CP 2 # 9 CP 2 of the complex projective plane).
In the following we will describe all the cases when the Hitchin fibration on the moduli space has a single singular fiber. In these cases the fibration on the compactified space has exactly two singular fibers; fibrations with exactly two singular fibers have been extensively studied [1, 9] -indeed, the genus-1 case (which is of central relevance in our subsequent studies) admits a simple classification scheme given in [9, Theorem 3.2] . (Note that in [9, Theorem 3.2] four cases and an infinite family is encountered -since we assume every fibration to arise from a pencil, and so to admit a section, the infinite family will not arise in our context. ) We will distinguish five main cases, depending on the number of poles of the Higgs field (constrained by our assumption having a complex 2-dimensional moduli space):
(1) there is one pole (which has to be of multiplicity 4), (2) there are two poles, each of multiplicity 2, (3) there are two poles, one with multiplicity 3 and the other with multiplicity 1, (4) there are three poles, one with multiplicity 2 and the further two with multiplicity 1, and finally (5) there are four poles, each with multiplicity 1. At each pole we need to distinguish further two cases, depending on whether the leadingorder term of the polar part of the Higgs field at the pole is a regular semi-simple endomorphism (untwisted case), or has non-vanishing nilpotent part (twisted case).
The polar parts will depend on some complex parameters, and our first aim is to determine those parameter values for which the Hitchin fibration on the moduli space has a unique singular fiber. These parameter values are complex numbers once we fix certain trivializations -for details see Section 2. The second aim of the paper is to provide explicit constructions for all the possibilities of configurations of singular fibers in case (5) of the above list (four logarithmic poles).
1.2.
The case of two poles. Let us consider first the case when both multiplicities are equal to 2. In this case a simple argument (see also [2, Theorems 1.2, 1.3, 1.4]) shows that the fiber at infinity is I * n with n ∈ {2, 3, 4} (depending on whether the leading order term is regular semi-simple or not at the two poles), hence in this case there is no Hitchin fibration on M ⃗ α−s (CP 1 , D, 2, d) with exactly one singular fiber (cf. Corollary 3.2). In the case of multiplicities 3 and 1 on the two poles, we have more examples; indeed, if the pole with multiplicity 3 is untwisted and the other one is twisted, then the fibration depends on the complex parameters a + , a − , b + , b − , λ + , λ − , b −1 ; their geometric significance is given in Subsection 2.1.2. In addition, the fibration also depends on so-called parabolic weights ⃗ α = {(α 
1.3.
The case of three poles. In this case one of the poles is of multiplicity 2 and the two others are both of multiplicity 1. A simple argument shows that the fiber at infinity is either I * 1 (when the polar part is untwisted at the pole of multiplicity 2) or I * 2 (when the polar part is twisted at the pole of multiplicity 2). Since by [8, Section 6] elliptic fibrations on the rational elliptic surface with a singular fiber I * 1 or I * 2 have at least three singular fibers (cf. Corollary 3.2), we conclude Theorem 1.5. In the case of three poles, the Hitchin fibration admits at least two singular fibers on the moduli space M ⃗ α−s .
1.4.
The case of four poles. This is the most interesting case. It is not hard to see, that the fiber at infinity is an I * 0 fiber, and (once again by [8, Section 6] ) there is one case when the complement of this fiber admits a single singular fiber: when this other fiber is also of type I * 0 . Before turning to the statement, we would like to point out a new feature in this case. In all previous cases the holomorphic structure on the fiber at infinity (which was either E 8 ,Ẽ 7 orẼ 6 ) was unique. The holomorphic structure on I * 0 , however is not unique. All five CP 1 -components of I * 0 can be equipped with a unique holomorphic structure, but the four points where the curves corresponding to the leaves of the graph describing I * 0 (see Figure 1 ) intersect the central rational curve determine a cross ratio, which is a holomorphic invariant. We can assume that the four points of intersections are at 0, 1, ∞ and t ∈ CP 1 ; hence t is the complex parameter (distinct from 0, 1, ∞) determining the complex structure on I * 0 . The pencil in this case is determined by four complex numbers a, b, c, d (cf. Subsection 2.1.3 and Equations (12) for their geometric role). The fibration again depends on a choice of parabolic weights ⃗ α = {(α
..,4 , see Subsection 2.2. We assume that the sum of all these weights is an integer, and moreover that this integer is equal to the negative of the degree of the underlying vector bundle of the Higgs bundle. With these notations and assumptions, we have 
The singular fibers of Hitchin fibration in cases of one or two poles have been completely determined in [2, 3] in terms of the parameters. In principle a similar analysis can be carried out in the remaining cases -in Section 5 we will restrict ourselves to provide examples of all possible singular fiber configurations when we have four poles. For the list of these possibilities, see Table 1 in Section 5. Here we do not determine the various configurations in terms of the parameters. By providing various constructions and examples, we prove: The paper is organized as follows. In Section 2 we collect some facts and definitions of Higgs bundles and the Hitchin map, relevant to our present investigation. We also include the necessary stability analysis here. Section 3 is devoted to list background material regarding elliptic fibrations, and in Section 4 we describe the proofs of the statements about Hitchin fibrations with unique singular fibers given in this introduction. Finally in Section 5 we describe a number of constructions for elliptic fibrations with one of the singular fibers being I Theorem 1.7. In these constructions we pay special attention to the further singular fibers of the resulting fibrations.
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PRELIMINARIES
In this paper we will deal with certain meromorphic Higgs bundles over CP 1 with structure group GL(2, C). In the sequel we let D be an effective divisor over CP 1 and denote by K CP 1 = Ω 
is an O CP 1 -linear vector bundle morphism, called the Higgs field.
From now on, we assume that the total length of D is equal to 4:
We denote • by p∶ F 2 → CP 1 the Hirzebruch surface obtained by the projectivization of K CP 1 (D), • by O F2 CP 1 (1) the relative ample bundle of p and by
• and by I E the identity endomorphism of E.
Here
The spectral curve of (E, θ) is the curve in F 2 defined by the equation χ θ (ζ) = 0. The Hitchin base is the vector space
containing all possible characteristic coefficients of rank 2 K(D)-pairs.
It follows from the definition and (2) that the characteristic coefficients F θ , G θ may be considered as global sections of O CP 1 (2), O CP 1 (4) respectively, so we have 
where 
associating to a Higgs bundle its characteristic coefficients.
For generic (F, G) ∈ B, the curve Σ (F,G) defined by the equation
is smooth, and for every d ∈ Z the fiber of
is a torsor over the Jacobian Jac(Σ (F,G) ) of Σ (F,G) . When the curve Σ (F,G) is not regular, then Jac(Σ (F,G) ) is non-compact, and for every d the fiber h −1 (F, G) is (non-canonically) isomorphic to a certain compactification of Jac(Σ (F,G) ). In case Σ (F,G) is integral, the suitable compactification of Jac(Σ (F,G) ) is the moduli space of torsion-free sheaves of rank 1 and given degree over Σ (F,G) . On the other hand, in case Σ (F,G) is reducible or non-reduced, the corresponding fiber of (5) is not of finite type, and in order to get a moduli scheme of finite type one needs to impose a stability condition on the objects. Stability conditions naturally arise from parabolic structures on meromorphic Higgs bundles; we will return to describing moduli spaces of stable objects and the fibers of the Hitchin map on these moduli spaces once we will have given the assumptions and notations concerning the local behaviour of a meromorphic Higgs field near the points of D.
2.1. Parameters and their geometric significance. Our investigation is based on the local description of spectral curves on the Hirzebruch surface of degree 2. Recall from Equation (1) 
If we are in the case of one pole with multiplicity 4 then we introduce two local charts on CP 1 : U with u ∈ C (where {u = 0} = [0 ∶ 1] = t 1 ) and V with v ∈ C (where {v = 0} = [1 ∶ 0]). The bundle K CP 1 (4t 1 ) admits the trivializing sections κ U over U and κ V over V :
If we are in the case of at least two poles, then we introduce two local charts on CP 1 : U with u ∈ C (where {u = 0} = [0 ∶ 1] = t 1 ) and V with v ∈ C (where
The bundle K CP 1 (D) admits the following trivializing sections:
The conversion from κ U to κ V is the following (if the total multiplicity is 4):
The trivialization κ j induces a trivialization κ
Choose a suitable trivialization of E. Consider an irregular Higgs bundle (E, θ) in the κ j trivializations (j = U, V ) and the chosen trivialization of E. The local forms of θ near t i 's are the following:
• the case of D = 4t 1 :
• the case of D = 2t 1 + 2t 2 is not of interest according to Corollary 3.2,
• the case of D = 3t 1 + 1t 2 :
• the case of D = 2t 1 + 1t 2 + 1t 3 is not interesting according to Corollary 3.2,
• the case of D = 1t 1 + 1t 2 + 1t 3 + 1t 4 . Near one of the t i (i = 1, 2, 3) the local form is
and near t 4 = ∞:
where A n , B n , A n,i ∈ gl(2, C).
The coefficient A −1,i in above expression is called the residue of θ at t i , with respect to the chosen trivialization of E. The residue of θ at t i is denoted by res ti (θ). It is a well-defined endomorphism of E ti (i = 1, . . . , 4).
The spectral curve (χ θ (ζ) = 0) has an expansion near t i in which these parameters have a geometric meaning. The lowest index matrices A n , B n and A n,i in Equations (7), (8) and (9) encode the base locus of a pencil.
Let us consider the local forms separated according to the number of poles and their multiplicities.
2.1.1. D = 4t 1 . The matrices A −3 , A −2 and A −1 in Equation (7) encode the tangent, the second and third derivative of the curve in the pencil. If the leading order term is a regular semi-simple endomorphism (untwisted case) then the local form in the trivialization κ U of K CP 1 and the chosen trivialization of E is
These matrices provide the parameters (U) in Theorem 1.1.
If the leading order term has non-vanishing nilpotent part (twisted case) then the local form in the trivialization κ U is
with b −7 ≠ 0. These matrices provide the parameters (T) in Theorem 1.2.
The matrices A −2 and A −1 in Equation (8) encode the slope of the tangent line of a pencil and the second derivative of the curve in the pencil.
If the pole with multiplicity 3 (i. e. t 1 ) is untwisted then the local form in the trivialization κ U (near t 1 ) and the chosen trivialization of E:
If the multiplicity 3 pole is twisted, then
The matrix B −1 contains the base locus of the pencil in the trivialization κ V and the chosen trivialization of E. If the pole t 2 is untwisted, then
If the pole t 2 is twisted, then
These parameters appear in Theorems 1.3 and 1.4.
The matrices in Equations (9) only encode the base locus of the pencil in the four distinguished fibers at t 1 = 0, t 2 = 1, t 3 = t and t 4 = ∞ ∈ CP 1 . If one of the poles t i (i = 1, . . . , 4) is untwisted then the matrix from local form in the trivialization κ j (j = U, V ) and the chosen trivialization of E is the following:
where we assume that a +,i ≠ a −,i . Similarly, if one of the poles t i (i = 1, . . . , 4) is twisted then the matrix has non-trivial nilpotent part. In the trivialization κ j (j = U, V ) and the chosen trivialization of E:
For simplicity we introduce new notations for the parameters appearing above:
The parameters a, b, c and d which appear in the Theorem 1.6 encode the base locus in the distinguished fibers.
2.2.
Parabolic stability analysis of Higgs bundles with non-reduced spectral curve. Let (E, θ) be a meromorphic Higgs bundle of rank 2 over CP 1 with divisor D. Parabolic stability for Higgs fields with higher-order poles has been investigated in [2, 3] . In this subsection we assume that the multiplicity m j is equal to 1 for all j, i.e. that
for some distinct points t j (j = 1, 2, 3, 4). Definition 2.5. A compatible quasi-parabolic structure is the choice of a 1-dimensional eigenspace ℓ j ⊂ E tj of res tj (θ) for all 1 ≤ j ≤ 4. A compatible parabolic structure consists of a compatible quasi-parabolic structure and a choice of a pair of rational numbers (α
) be a meromorphic Higgs bundle of rank 2 over CP 1 with a compatible quasi-parabolic structure, and assume given parabolic weights {(α
. For any rank 1 meromorphic Higgs subbundle (F , θ F ) of (E, θ), the fiber F tj is preserved by res tj (θ). If F tj = ℓ j , then we set
Let M ⃗ α−s and M ⃗ α−ss be the functors Schemes → Sets associating to a scheme S the set of S-equivalence classes of holomorphic vector-bundles
stands for the first projection) and with filtrations
where ℓ j is a line-subbundle preserved by res {tj }×S (θ), and such that for any geometric point s ∈ S the triple (E, θ, {ℓ j } 4 j=1 ) defines an ⃗ α-stable (respectively, ⃗ α-semistable) meromorphic Higgs bundle of rank 2 over CP 1 with a compatible parabolic structure and local form of the Higgs field specified in Subsection 2.1; for simplicity of the notation, we do not include the parameters a, b, . . . in the notation of the functors, but we tacitly fix them.
Theorem 2.7. ([6]) There exist quasi-projective coarse moduli schemes
for the functors M Just as in (4), the moduli space admits a natural decomposition
according to the degree of the underlying vector bundle E. We will equally study the partial compactification
parameterizing Higgs bundles with possibly non-regular residues, i.e. we fix two equal eigenvalues of the residue as in (11) without, however, requiring non-triviality of the nilpotent part of A −1,i . Then, (14) is a stratified algebraic space:
, the lower-dimensional strata are moduli spaces of parabolic logarithmic Higgs bundles with some regular and some non-regular residues having the same eigenvalues as fixed for the definition of
and for any (F, G) ∈ B we denote by
its fiber over (F, G). In [2, 3] we studied stability of Higgs bundles with spectral curves such that the curve in the associated elliptic fibration is of type I n (1 ≤ n ≤ 3), II, III or IV . The only new case that appears in the cases treated here is that of a spectral curve Σ such that the curve in the associated elliptic fibration is of type I * 0 =D 4 . As we will see in Lemma 3.4, this case only appears if the spectral curve Σ is a section of p∶ F 2 → CP 1 taken with multiplicity two. From now on, we assume that Σ is of this type, and in addition that
Up to tensoring with a rank 1 meromorphic Higgs bundle, the curve Σ = Σ (0,0) is then the image of the 0-section F = 0, G = 0.
Assumption 2.8. From now on we only consider Higgs bundles satisfying
deg ⃗ α (E) = 0.
Proposition 2.9. If d is even then the Hitchin fiber
M ⃗ α−s t (CP 1 , D, 2, d) (0,0) over (0, 0) ∈ B is
a point. If d is odd and the parabolic weights satisfy (23) then the Hitchin fiber
we see that F is a meromorphic Higgs subsheaf of E; as E is locally free and CP 1 is regular, F is actually a subbundle. There are two possibilities: either θ = 0, in which case we have F = E, or F is a rank 1 meromorphic Higgs subbundle of E. In case θ = 0, any subbundle of E is θ-invariant, and as E decomposes into a direct sum of line bundles, (E, θ) may not be ⃗ α-stable. Let us now focus on the case of a line subbundle F ⊂ E. By definition, the restriction of θ to F vanishes and θ 2 = 0, therefore θ induces a non-trivial
We infer that
or equivalently,
Now, observe that the regularity assumption res tj (θ) implies that ϑ(t j ) ≠ 0 for every 1 ≤ j ≤ 4. This shows that in this case F tj is the only eigenspace of res tj (θ), and is therefore equal to ℓ j . On the other hand, when res tj (θ) is not regular then ϑ(t j ) is equal to 0. In this case ℓ j is no longer determined by θ, it may be an arbitrary line
by virtue of (13) we then have
so that ⃗ α-stability is expressed as
We may combine (17) and (20) into
We see at once that these inequalities admit no solution if
In particular, we have
and by (17) in fact we have equality here, moreover ϑ is an isomorphism. From (15) and (19) we get
To sum up: under the assumption of (22) for all even d ∈ [−6, 0] there exists up to isomorphism a unique ⃗ α-stable meromorphic Higgs bundle
having spectral curve Σ (0,0) , where F is a line bundle of degree
over CP 1 and
is an isomorphism. Said differently, once the weights α ± j are fixed so that α
then the Hitchin fiber
Let us now turn our attention to the case
as α − < α + holds by definition, this is the only remaining case to study. Inequality (20) now shows that
This, combined with (17) allows for the following possibilities:
The case deg(E) = 2 deg(F ) + 2 has already been analyzed above, therefore from now on we focus on the case deg(E) = 2 deg(F ) + 1.
can then be viewed as a non-trivial map
and we have
For given F , two such Higgs bundles (corresponding to morphisms ϑ 1 , ϑ 2 ) are equivalent to each other if and only if ϑ 2 = cϑ 1 for some c ∈ C × . As morphisms (24) form a vector space of dimension 2 over C, it follows that for any odd d ∈ [−7, −1] if the parabolic weights satisfy (23) and
then the space of stable Higgs bundles of the form (25) is parameterized by CP 1 . The parameter space CP 1 of this family may be identified with our base curve by taking the unique root of ϑ. It constitutes the central curve of the singular fiber. On the other hand, we have seen in (18) that for every 1 ≤ j ≤ 4 we have a further projective line
and moreover these further rational curves are attached to the central one (parameterizing the root of ϑ) precisely at the points 0, 1, t, ∞.
SINGULAR FIBERS IN ELLIPTIC FIBRATIONS
The singular fibers in an elliptic fibration (that is in a map π∶ X → C where X is a compact complex surface, C is a compact complex curve and the generic fiber is an elliptic curve, i.e., smoothly diffeomorphic to the 2-torus) have been classified by Kodaira in [4] . From this classification we will only need the description of the fibersẼ 8 ,Ẽ 7 ,Ẽ 6 , II, III, IV and I * n (n ≥ 0), see Figures 1 and 2 FIGURE 2. Singular fibers of types III and IV in elliptic fibrations. In (a) the two curves are tangent with multiplicity two, and in (b) the three curves pass through one point and intersect each other there transversely.
Various possibilities of singular fibers in an elliptic fibration on a rational elliptic surface was analyzed in detail in [5, 7, 8] . In particular, we have In some sense the converse of the above example also holds. Indeed, if we get a fibration by blowing up a pencil on F 2 containing C ∞ then the pencil has at least 4 basepoints, each on different fibers of the ruling on F 2 , hence the fibration has at least four disjoint (−1)-sections. In addition, these sections intersect different curves in the fiber (of type I * 0 ) coming from the curve C ∞ at infinity. Suppose now that G 1 1 is intersected by two E i 's, say by E 1 and E 2 . Blow these curves and G 1 0 , G 2 0 down. In the result the curve G 1 1 will be a (+2)-curve, hence the complement of this curve should be negative definite. On the other hand, E 3 (intersecting G 3 0 ) also intersects the fiber F 1 , in the curve G 2 1 (after possible renumbering). Now blowing down E 3 and G 2 1 , the curve G 3 0 will be a complex curve of self-intersection 0. Since a complex curve does not vanish in homology, it defines a nontrivial homology class in the complement of the (+2)-curve with zero self-intersection, providing a contradiction.
Assume now that G 1 1 is intersected by three sections, say E 1 , E 2 and E 3 . Blowing these and the corresponding curves from F 0 (i.e., G 
THE PROOFS
In this section we give the proofs of Theorems 1.1-1.6 described in Section 1. 
4.1.

4.2.
The case of two poles. This case has been extensively studied in [2] . Recall that in this case we have two subcases depending on the multiplicities of the poles: these multiplicities can be (a) 2 and 2 or (b) 3 and 1.
If the two multiplicities are 2 and 2, then the fiber at infinity is either of type I * 
4.3.
The case of three poles. Suppose now that there are three poles. In this case the fiber at infinity in the elliptic fibration is either of type I * 1 (when the polar part at the pole with multiplicity 2 is untwisted (i.e., regular semi-simple)) or of type I * 2 (when this polar part is twisted, i.e. has non-vanishing nilpotent part).
Proof of Theorem 1.5. According to Corollary 3.2, next to these singular fibers we cannot have a single singular fiber in any elliptic fibration on a rational elliptic surface, verifying the statement of the theorem.
The case of four poles.
Proof of Theorem 1.6. Consider the curve C ∞ ⊂ F 2 which is the union of the section at infinity (with self-intersection (−2)) with multiplicity 2 and 4 fibers of the ruling on F 2 . We can choose coordinates on CP 1 in such a way that the four fibers are over 0, 1, ∞ and t, where t ∈ C described the holomorphic type of the fiber at infinity.
By Lemma 3.4 the pencil containing the above curve provides an elliptic fibration with two I * 0 -fibers if and only if the pencil contains a section of the ruling p∶ F 2 → CP 1 (which is of multiplicity 2). By virtue of Proposition 2.9, in this case the Hitchin-fibration on the extended moduli space M of (14) also has a singular fiber of type I * 0 for odd degree. In particular, the pencil has 4 basepoints, one on each of the four distinguished fibers of the ruling of F 2 . Suppose that the four basepoints are at a, b, c, d in the fibers over the points 0, 1, t, ∞ ∈ CP 1 . The ruling p∶ F 2 → CP 1 admits a complex 3-dimensional family of sections (all disjoint from the section at infinity), which can be given by homogeneous degree-2 polynomials on CP 1 . In particular, if the homogeneous coordinates on CP 1 are denoted by [u ∶ v] , then a section is of the form αv 2 + βuv + γu 2 . The section intersects the fiber over 0 (given by the homogeneous coordinates [0 ∶ 1]) at α, hence we need α = a. Similarly, over ∞ = [1 ∶ 0] the intersection point is γ, so we have γ = d. Finally, over the point
In conclusion, the unique section intersecting the fibers over 0, 1, ∞ in the prescribed points a, b, d can be given by the equation
This section takes the value a
for the existence of the desired section (and therefore for the other fiber to be of type I * 0 ), and concluding the proof of the statement.
PENCILS AND FIBRATIONS WITH FIBER I * 0
We devote this section to the proof of Theorem 1.7.
The possible combinations of singular fibers in elliptic fibrations on a rational elliptic surface have been determined in [5, 7] , see also [8] . Recall the types of elliptic singular fibers listed in Section 3; there are a few further types we need to encounter in the following. I 1 denotes the nodal fiber (also called a fishtail fiber), which is a nodal elliptic curve, and topologically an immersed 2-sphere with one positive transverse double point. The fiber I n consists of n rational curves E 0 , . . . E n−1 such that E i transversely intersects E i−1 and E i+1 in two distinct points (one each), and the indices are viewed mod n. In particular, I 2 consists of two rational curves E 0 and E 1 intersecting each other in two distinct points -as the two points converge to each other, the limit of such a sequence of singular fibers is a type III fiber.
There are 19 distinct configurations of singular fibers on CP 2 #9CP 2 containing I * 0 as one of the singular fiber, which we list now (separating the singular fibers in a fibration with an addition sign), grouped in four groups. Below we list the fibers next to the (always existing) I * 0 -fiber: In the following we give examples of pencils of curves in F 2 (and sometimes in CP 2 ) providing elliptic fibrations on rational elliptic surfaces containing the configurations listed above. The curves are chosen so that we do have control on the further singular fibers of the fibration. In the following we will describe pencils in F 2 and in CP 2 by specifying two curves (in each complex surface) and consider the pencil generated by them -and the singular fibers will then be in the fibrations we get by blowing up these pencils.
The curve C ∞ ⊂ F 2 will be part of all the pencils; C ∞ consists of the union of four fibers F 1 , F 2 , F 3 , F 4 of the ruling F 2 → CP 1 (all with multiplicity 1) and the section at infinity of the ruling (this curve with multiplicity 2) -as it was already described in Example 3.3. Similarly, one curve in each pencil in CP 2 will be the same: S ∞ = ℓ 1 ∪ ℓ 2 ∪ ℓ 3 is the cubic curve we get by taking the union of three projective lines ℓ i (i = 1, 2, 3) (all with multiplicity 1) passing through a fixed point P ∈ CP 2 . The curve S ∞ is shown by the thick red lines on the right of the figures below. (This curve already appeared in Example 3.5.)
We say that a pencil in F 2 has a section if one of the curves in the pencil other than C ∞ has more than one components -in this case each component of this curve is indeed a section of the ruling of the Hirzebruch surface F 2 .
In some cases we need to see more than two singular fibers in the fibration. To this end, we will apply a principle (formulated in Lemma 5.1 below) and a method of generating more curves in a pencil (described after Lemma 5.1).
Suppose that the pencil is given by the two curves C 0 and C ∞ in F 2 (or S 0 and S ∞ in CP 2 ), intersecting each other in points P 1 , . . . , P k with multiplicities n 1 , . . . , n k , satisfying
(In case n i > 1, not only P i is fixed, but also the higher order tangencies are part of the given data, for example by specifying the points in the exceptional divisor of the blow-up the strict transforms of the curves pass through.) We mentioned that the elements of matrices in Equations (10) and (11) encode the base locus of the pencil, hence P 1 , . . . , P k are determined by these data. Next, we will construct some examples where we choose these parameters P 1 , . . . , P k appropriately on four distinguished fibers of the ruling, so that all combinations of further singular fibers appear. It is easy to see that these chosen parameters can be transformed into a ± , . . . , d ± , a, . . . , d.
(For convenience, from now on we will not insist for having the distinguished fibers over the points 0, 1, ∞ -the application of a simple Möbius transformation would provide this extra feature.)
Suppose now that C (or S) is a complex curve in F 2 (or in CP 2 , respectively) which is homologous to C 0 and C ∞ (or S 0 and S ∞ ) and passes through P 1 , . . . , P k , intersecting C 0 (or S 0 ) in those points with multiplicities n 1 , . . . , n k (and with the required higher order tangencies in case n i > 1).
Lemma 5.1. Under the above circumstances C (or S) is in the pencil in F 2 generated by C 0 and C ∞ (or S 0 and S ∞ in case we work in CP 2 ).
Proof. Take any point P ∈ C ∖ {P 1 , . . . , P k }. There exists a unique t ∈ CP 1 such that C t passes through P . We then see that C intersects C t with multiplicity > ∑ k i=1 n i , which is by assumption the self-intersection number of C. It then follows that C = C t .
We can construct curves in F 2 disjoint from the section σ ∞ at infinity and intersecting the fiber of the ruling twice (possibly once, with multiplicity two) in the following way. Since the curve is disjoint from σ ∞ , it is a double section of the bundle O(2) → CP 1 . Such double sections can be given by sections of O(4) → CP 1 : for a given section σ of O(4), use the identification O(2) ⊗ O(2) ≅ O(4) and get a double section of O(2): over P ∈ CP 1 take those points ζ ∈ O(2) which satisfy ζ ⊗ ζ = σ P , see (3) 
The diagram on the left shows two curves in F 2 , one of them is the curve C ∞ , while the other one is a section of the ruling with multiplicity two (denoted by σ). Thick (red) lines provide one of the curves, while the thin (blue) segment defines the other curve. The fibration defined by the pencil contains two I * 0 -fibers. The two degree-3 curves in CP 2 on the right generate a pencil which gives rise to a fibration admitting two I * 0 -fibers.
We will start our examples with configurations admitting sections. Figure 5 . In CP 2 consider S 0 to be three distinct lines L 1 , L 2 , L 3 again, so that L 1 passes through P , while all three lines pass through P ′ ∈ CP 2 which is distinct from P , see the right diagram of Figure 5 .
In 
The diagram on the left shows two sections in F 2 intersecting each other in two points of C ∞ . (The sections are denoted by σ 1 and σ 2 .) Once again, thick (red) lines provide one of the curves, while the thin (blue) segments define the other curve. The pencil generated by these curves provides a fibration with an I * 0 -fiber and an I 4 -fiber. The two degree-3 curves in CP 2 on the right diagram generate a pencil which gives rise to a fibration admitting an I * 0 -fiber and an I 4 -fiber. 
Then σ 
FIGURE 6. The diagram depicts two pencils (one in F 2 and the other one in CP 2 ) giving fibrations with an I * 0 -fiber and an I 3 -fiber. The conventions are the same as earlier.
where u 1 , u 2 , u 3 are the roots of (u + 1)
As one of the roots 
Then, the curve corresponding to λ in the pencil has equation 
Expressing the right hand side of this equation using Equation (26), and taking v = 1 we get
The discriminant of this polynomial is given by
The parameter values λ 1 = 0 and λ 2 = 0 define σ 2 and σ 1 respectively, hence we have already treated them. (Remember that λ 1 , λ 2 may not simultaneously vanish.) Consider the roots λ
2 ; a straightforward check shows that λ + ≠ λ − and that 
Continuing with the same conventions as above, the diagrams show pencils defining fibrations with an I * 0 -fiber and a type III fiber. In this case we describe two pencils in F 2 , one having eight, the other one seven basepoints. 
The pencils give rise to fibrations with an I * 0 -fiber and an I 2 -fiber.
A computation shows that the discriminant of σ λ is given by Similarly, the existence of σ 2 is equivalent to
We may repeat the above argument to find conditions for the existence of σ 3 , σ 4 , σ 5 , σ 6 . These conditions, together with the ones found above for σ 1 , σ 2 , form a system of 6 homogeneous linear equations in the 8 variables a ± , b ± , c ± , d ± . Completing this system with the degree formula If only F 1 is tangent to our chosen curve (see Figure 10) , then the fibration (next to I * 0 and I 2 ) has either a further I 2 (and also two I 1 ) or a type III (and a further I 1 ). The outcome depends on the fact whether the curve with singularity on F 1 is nodal (giving a further I 2 ) or cuspidal (providing a type III fiber). Clearly the first is the generic case among these examples. In the next examples we will give constructions of these cases. 
